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We study theoretically nonlinear effects arising from the presence of a Kerr-down conversion
nonlinear crystal inside an optomechanical cavity. For this system we investigate the influences
of the two nonlinearities, i.e., the Kerr nonlinearity and the parametric gain, on the dynamics of
the oscillating mirror, the intensity and the squeezing spectra of the transmitted field, and the
steady-state mirror-field entanglement. We show that in comparison with a bare optomechanical
cavity, the combination of the cavity energy shift due to the Kerr nonlinearity and increase in the
intracavity photon number due to the gain medium can increase the normal mode splitting in the
displacement spectrum of the oscillating mirror and reduce its effective temperature. Our work
demonstrates that both the Kerr nonlinearity and down conversion process increase the degree of
squeezing in the transmitted field. Moreover, we find that in the system under consideration the
degree of entanglement between the mechanical and optical modes decreases considerably because
of the intracavity photon number reduction in the presence of the Kerr medium.
PACS numbers: 37.30.+i, 03.67.Bg, 42.50.Wk, 42.50.Pq
I. INTRODUCTION
In recent years, there has been an increasing interest in
cavity optomechanical systems for a wide range of both
experimental and theoretical investigations[1–8].The im-
portance of optomechanical systems is due to their po-
tential applications in different topics of physics.They are
promising candidates for studying quantum effects in the
mesoscopic and macroscopic scales[9], detection and in-
terferometry of gravitational waves [10–12]and measure-
ment of small displacements[13]. In a cavity optomechan-
ical system the radiation pressure exerted by the electro-
magnetic field induces a coupling between the intensity
of the cavity field and the mechanical motion of a mov-
able mirror. It is pointed out that the necessary condi-
tion for observing quantum phenomena for the oscillat-
ing mirror, as a mesoscopic or macroscopic object, is the
preparation of the mechanical oscillator at low phonon
occupancy . Although the ground state cooling of the
mirror has not yet been achieved experimentally, it has
been shown theoretically[3, 14, 15] that the ground state
cooling of the mirror is possible in the resolved sideband
regime where the cavity bandwith is less than mechani-
cal oscillation frequency of the mirror. Another quantum
phenomenon expected to be observed in optomechani-
cal sytems is the mixing between the fluctuations of the
cavity field around the steady state and the mechanical
mode which leads to the normal mode splitting(NMS) in
the displacement spectrum of the mirror[16]. It is well
known from cavity QED that NMS is an absolute ev-
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idence of strong coupling between the subsytems with
energy exchange taking place on a time scale faster than
the decoherence of each mode. The appearance of NMS
in optomechanical systems is known as a direct conse-
quence of ground state cooling of the mirror[16].
One of the most important characteristics of optome-
chanical systems is their nonlinear optical peroperties.
The strong interaction between the cavity filed and the
mechanical oscillations makes the cavity behave like a
nonlinear medium since the length of the cavity depends
upon the intensity of the field in analogous way to the
optical length of a nonlinear material[8]. It has been
shown[17] that within the Born-Openheimer approxima-
tion the back action of the oscillating mirror in one
edge of an optical Fabry-Perot cavity,driven by a nearly-
resonant laser field, induces an intracavity Kerr-like non-
linearity. Besides this intrinsic nonlinearity, the presence
of an optical parametric amplifier (OPA) [18] or the op-
tical Kerr medium [19] inside the cavity has opened up
a new domain for combining nonlinear optics and op-
tomechanics towards the enhancement of quantum ef-
fects. It has been demonstrated[18] that the presence
of an OPA in the cavity causes a strong coupling be-
tween the oscillating mirror and the cavity mode result-
ing from increasing the intracavity photon number. Thus
the enhancement of radiation pressure-induced coupling
not only considerably improves the cooling of the me-
chanical oscillator but also makes the observation of the
NMS of the movable mirror and the output field mode
accesible[18]. On the other hand, when the optomechan-
ical cavity contains an optical Kerr medium with χ(3)
nonlinearity, due to the photon-photon repulsion and the
reduction of the cavity photon fluctuations, the normal
2mode splitting weakens and the effective temperature of
the moving mirror increases[19].
The above mentiond interesting results motivated us
towards investigation of an optomechanical system which
contains a nonlinear crystal consisting of a Kerr medium
and a degenerate OPA. We will show that in the system
under consideration the competition between the increas-
ing of intracavity photon number due to the parametric
gain process and the reduction of the number of photons
due to the photon blockade mechanism arising from the
presence of the Kerr medium leads to some new inter-
esting effects in the dynamics of the movable mirror in
the low photon number limit and the resolved sideband
regime.
The paper is structured as follows. In Sec.II we de-
scribe the model, derive the quantum Langevin equations
of motion for the system operators and find their steady-
state mean values. In Sec.III we linearize the quntum
Langevin equations of motion around the steady-state
mean values, and analyze the stability conditions of the
system. In Sec.IV we calculate the spectrum of small
fluctuations in the position of the oscillating mirror , the
effective frequency and effective damping rate of the me-
chanical oscilltor, and analyze the influence of the non-
linear gain and anharmonicity parameter on them. In
Sec.V we investigate the influences of the parametric gain
and Kerr nonlinearity on the intensity and quadrature
squeezing of the transmitted field. In Sec.VI we examine
the entanglement between the optical and the mechanical
mode. Finally, we summarize our conclusions in Sec.VII.
II. THE PHYSICAL MODEL
We consider a Kerr-down conversion optomechanical
system composed of a degenerate OPA and a nonlinear
Kerr medium placed within a Fabry-Perot cavity formed
by a fixed partially transmitting mirror and one movable
perfectly reflecting mirror in equilibrium with a thermal
bath at temperature T . The movable mirror is free to
move along the cavity axis and is treated as a quantum
mechanical harmonic oscillator with effective mass m,
frequency ωm and energy decay rate γm = ωm/Q(where
Q is the mechanical quality factor).The cavity field is co-
herently driven by an input laser field with frequency ωL
and amplitude ǫ through the fixed mirror. Furthermore,
the system is pumped by a coupling field to produce para-
metric oscillation and induce the Kerr nonlinearity in the
cavity. In our investigation, we restrict the model to the
case of single-cavity and mechanical modes[20, 21]. The
single cavity-mode assumption is justified in the adia-
batic limit, i.e., ωm << πc/L which c is the speed of
light in vacuum and L is the cavity length in the absence
of the cavity field. We also assume that the induced res-
onance frequency shift of the cavity and the nonlinear
parameter of the Kerr medium are much smaller than
the longitudinal-mode spacing in the cavity. Further-
more, one can restrict to a single mechanical mode when
the detection bandwidth is chosen such that it includes
only a single, isolated, mechanical resonance and mode-
mode coupling is negligible. It should be noted that in
the adiabatic limit, the number of photons generated by
the Casimir, retardation, and Doppler effects is negligible
[22–24].
FIG. 1. (Color online) Schematic picture of the setup stud-
ied in the text. The cavity contains a Kerr-down conversion
system which is pumped by a coupling field to produce para-
metric oscillation and induce Kerr nonlinearity in the cavity.
Under these conditions, the total Hamiltonian of the
system in a frame rotating at the laser frquency ωLcan
be written as
H = H0 +H1 (1)
where,
H0 = ~(ω0 − ωL)a†a+ ( p
2
2m
+
1
2
mω2mq
2)− ~gma†aq
+i~ǫ(a† − a), (2a)
H1 = i~G(e
iθa†2 − e−iθa2) + ~ηa†2a2. (2b)
The first two terms inH0 are,respectively, the free Hamil-
tonian of the cavity field with annihilation(creation) op-
erator a(a†) and the movable mirror with resonance fre-
quency ωm and effective massm, the third term describes
the optomechanical coupling between the cavity field and
the mechanical oscillator due to radiation pressure force,
and the last term in H0 describes the driving of the in-
tracavity mode with the input laser. Also, the two terms
in H1 describes, respectively, the coupling of the intra-
cavity field with the OPA and the Kerr medium; G is the
nonlinear gain of the OPA which is proportional to the
pump power driving amplitude, θ is the phase of the field
driving the OPA, and η is the anharmonicity parameter
proportional to the third order nonlinear susceptibility
χ(3) of the Kerr medium. The input laser field populates
3the intracavity mode through the partially transmitting
mirror, then the photons in the cavity will exert a radia-
tion pressure force on the movable mirror. In a realistic
treatment of the dynamics of the system , the cavity-
field damping due to the photon-leakage through the in-
complete mirror and the Brownian noise associated with
the coupling of the oscillating mirror to its thermal bath
should be considered. Using the input-output formalism
of quantum optics[25], we can consider the effects of these
sources of noise and dissipation in the quantum Langevin
equations of motion. For the given Hamiltonian (1), we
obtain the following nonlinear equations of motion
q˙ =
p
m
, (3a)
p˙ = −mω2mq + ~gma†a− γmp+ ξ, (3b)
a˙ = −i(ω0 − ωL)a+ igmqa+ ǫ− 2iηa†a2
+2Ga†eiθ − κa+
√
2κain, (3c)
where κ is the cavity decay rate through the input mir-
ror and ain is the input vacuum noise operator that is
charactrized by the following correlation functions [25]
< δain(t)δa
†
in(t
′) > = δ(t− t′), (4a)
< δain(t)δain(t
′) > = < δa†in(t)δa
†
in(t
′) >= 0. (4b)
The Brownian noise operator ξ describes the heating of
the mirror by the thermal bath at temperature T and is
characterized by the following correlation function [24]
< ξ(t)ξ(t′) >=
~γmm
2π
∫
ωe−iω(t−t
′)[coth(
~ω
2kBT
)+1]dω,
(5)
where kB is the Boltzmann constant.
We are interested in the steady-state regime and in
small fluctuations with respect to the steady state. Thus
we obtain the steady-state mean values of p, q and a as
ps = 0, qs =
~gm
mω2m
|as|2, (6)
as =
κ− i∆′ + 2Geiθ
∆′2 + κ2 − 4G2 ǫ, (7)
where qs denotes the new equilibrium position of the
movable mirror and ∆
′
= ω0 − ωL − gmqs + 2η|as|2 =
∆+2η|as|2 is the effective detuning of the cavity which in-
cludes both the radiation pressure and the Kerr medium
effects. It is obvious that the optical path and hence the
cavity detuning are modified in an intensity-dependent
way. The first modification which is a mechanical non-
linearity, arises from the radiation pressure-induced cou-
pling between the movable mirror and the cavity field and
the second modification comes from the presence of the
nonlinear Kerr medium in the optomechanical system.
It has been shown that [26] for a given sufficiently large
pure χ(3) nonlinearity inside an optical cavity, the effect
of photon blockade occurs as a consequence of large phase
shifts of the cavity detuning. It has also been predicted
[27] that the same photon-photon interaction can occur
in the strong coupling regime in the optomechnaical sys-
tems. In our treatment the photon-photon interaction
due to the radiation pressue is ignorable in comparison
with photon-photon interaction due to the Kerr nonlin-
earity. Since ∆
′
satisfies a fifth-order equation, it can
have five real solutions and hence the system may ex-
hibit multistability for a certain range of parameters.
III. DYNAMICS OF SMALL FLUCTUATIONS
In order to investigate the dynamics of the system, we
need to study the dynamics of small fluctuations near
the steady state. We assume that the nonlinearity in the
system is weak and decompose each operator in Eq.(3) as
the sum of its steady-state value and a small fluctuation
with zero mean value,
a = as + δa, q = qs + δq, p = ps + δp. (8)
Inserting the above linearized forms of the system opera-
tors into Eq.(3), the linearized quantum Langevin equa-
tions for the fluctuation operators take the form
d
dt
δq = δp/m, (9a)
d
dt
δp = −mω2mδq + ~gm(asδa† + a∗sδa)− γmδp+ ξ,(9b)
d
dt
δa = −(i∆+ κ)δa− igma∗sδq + (2Geiθ − 2iηa2s)δa†
−4iη|as|2δa+
√
2κδain, (9c)
d
dt
δa† = (i∆− κ)δa† + igmasδq + (2Ge−iθ + 2iηa∗2s )δa
+4iη|as|2δa† +
√
2κδa†in. (9d)
Defining the cavity field quadratures δx = δa + δa† and
δy = i(δa† − δa) and the input noise quadratures δxin =
δain+δa
†
in and δyin = i(δa
†
in−δain) Eq.(9) can be written
in the compact matrix form
u˙ =Mu(t) + n(t), (10)
where u(t) = (δq, δp, δx, δy)T is the vector of fluctua-
tions, n(t) = (0, ξ,
√
2κδxin,
√
2κδyin)
T is the vector of
noise sources and the matrix M is given by
M =


0 1/m 0 0
−mω2m −γm ~a+ −i~a−
2ia− 0 −κ+ Γ1 ∆1 + δ1
2a+ 0 −∆1 + δ1 −κ− Γ1

 , (11)
where we have defined
a± = gm(as ± a∗s)/2,
Γ1 = 2G cos θ − iη(a2s − a∗2s ),
∆1 = ∆+ 4η|as|2 (12)
δ1 = 2G sin θ − η(a2s + a∗2s ). (13)
4Here, we concentrate on the stationary properties of the
system. For this purpose, we should consider the steady-
state condition governed by Eq.(10). The system is stable
only if the real part of all eigenvalues of the matrix M
are negative, which is also the requirement of the validity
of the linearized method. The parameter region in which
the system is stable can be obtained from the Routh-
Hurwitz criterion[28], which gives the following three in-
dependent conditions:
s1 = 2κR1 + ω
2
m(γm + 4κ
2) > 0, (14a)
s2 = {R1ω2m − 4
hg2m
m
η|as|4 + iG(a2se−iθ
− c.c.)} > 0, (14b)
s3 = −[R1ω2m −R2]× ω2m(γm + 2κ) + [2κR1
+ ω2m(γm + 4κ
2)] > 0, (14c)
where we have defined R1 and R2 as
R1 = ∆
2
1 − 4G2 + κ2 + 12η2|as|4
+8η∆1|as|2 + 4iGη(a2se−iθ − c.c.), (15a)
R2 = 2
hg2m
m
(2η|as|4 + iG(a2se−iθ − c.c.)). (15b)
IV. DISPLACEMENT SPECTRUM OF THE
OSCILLATING MIRROR
Since we are interested in the spectrum of fluctuations
in position of the oscillating mirror in the presence of
Kerr-down conversion nonlinearity, it is convenient to
solve the time-domain equation of motion (10) by Fourier
transforming it into the frequency domain. The Fourier
transform of the time-domain operator u(t) is
u˜(ω) =
1
2π
∫ ∞
−∞
dte−iωtu(t). (16)
Then solving the linearized quantum Langevin equation
for the position fluctuations of the oscillating mirror
yields
δq(ω) = F1(ω)ξ(ω)+F2(ω)δain(ω)+F3(ω)δa
†
in(ω), (17)
in which
F1(ω) =
1
md(ω)
{(−κ− iω)2 + β2},
F2(ω) =
√
2κ~gm
md(ω)
[−a∗s(−κ+ i∆
′ − iω) + 2Ge−iθas],
F3(ω) = F2(−ω)∗, (18)
with
d(ω) = (ω2m − ω2 + iωγm)(β2 + (κ+ iω)2)− β1, (19)
β1 =
2~g2m
m
[∆
′ |as|2 + iG(a2se−iθ − c.c.)],
β2 = −4G2 +∆21 − 4η2|as|4 + 4iGη(a2se−iθ − c.c.).
(20)
The first term in Eq.(17) originates from the thermal
noise while the second and third terms arise from the
radiation pressure force . The displacement spectrum of
the mirror is defined by
Sq(ω) =
1
4π
∫
dΩe−i(ω+Ω)t < δq(ω)δq(Ω)+δq(Ω)δq(ω) > .
(21)
Using the following correlation functions in the frequency
domain
< δain(ω)δa
†
in(Ω) >= 2πδ(ω +Ω), (22)
< ξ(ω)ξ(Ω) >= 2π~γmω[1+coth(
~ω
2kBT
)]δ(ω+Ω), (23)
the displacement spectrum of the oscillating mirror is
obtained as
Sq(ω) = ~|χ|2{mγmω coth( ~ω
2kBT
) + 2
(~gm)
2κ
m2|d(ω)|2
×|as|
2δ22 + 4GRe(a
2
se
−iθ(κ+ i∆
′
))
(β2 + κ2 − ω2)2 + 4κ2ω2 }, (24)
where δ22 = (κ
2 + ω2 + 4G2 +∆
′2).
A. Normal Mode Splitting
In order to determine the structure of the displacement
spectrum of the moving mirror we need to determine the
eigenvalues of the matrix iM as the solution of Eq.(10) in
the frequency domain, or the zeros of d(ω) in the denom-
inator of coefficients in Eq.(18). First we assume that
the radiation pressure coupling gm is zero and find the
eigenvalues of iM as
− iγm
2
±
√
ω2m −
γ2m
4
, −iκ±
√
β2. (25)
Thus in the absence of optomechanical coupling the effec-
tive frequency of the normal modes depends on β2 which
is a function of nonlinear coefficiens η ,G and intracavity
intensity . Now we assume that the optomechanical cou-
pling gm is not zero, but the decay rates γm and κ are
negligibly small in comparison with ωm and β2 . Then
the zeros of d(ω) are approximately given by
ω2±
∼= 1
2
(ω2m + β2 ±
√
(ω2m − β2)2 + 4β1). (26)
Hence, the Kerr-down conversion medium can alter the
radiation pressure contribution to the NMS in two ways.
Firstly, both nonlinearity parameters G and η change the
mean intracavity photon number considerably. Secondly
the parameter β1 is a function of the gain and anhar-
monicity parameters.
In Fig.2, by using the experimental parameters from
Ref.[30], we have plotted the mean intracavity photon
5number as and the normalized parameter β1/β0 versus
the normalized gain G/κ for two different values of an-
harmonicity parameter η, where β0 = 2~g
2
m(∆|as|2/m)
is the contribution of radiation pressure to the normal
modes of displacement spectrum in the bare cavity. The
figure shows that while there is a reduction in the num-
ber of intracavity photons (hence the radiation pressure)
due to the photon-photon repulsion mechanism (in the
presence of Kerr medium), the contribution of radiation
pressure coupling to the normal modes which is contained
in β1 can be increased by choosing proper values of initial
detuning and nonlinear coefficients G, η and θ in such a
way that β1 > β0 .
-
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FIG. 2. (Color online)(a)The mean intracavity photon num-
ber and (b) the normalized parameter β1/β0 versus the nor-
malized gain G/κ for η = 0.01Hz (red solid line) and η =
0.05 Hz (blue dashed line).The parameters are ωm/2pi = 10
MHz,L = 1mm, m = 10ng, Q = 5×105 Hz, input laser power
P = 6.9 mW at λ = 1064 nm, κ = 0.1ωm, and θ = pi/2 .
It is well known that the NMS in a bare-damped op-
tomechanical system occurs only if g0|as| & κ (where
g0 =
√
~/2mωmgm) due to the finite width of the
peaks[15, 16]. In Fig.(3) we have plotted the displace-
ment spectrum of the movable mirror below this thresh-
old (g0|as| & κ ). As expected, the radiation pressure-
induced coupling between the oscillating mirror and the
fluctuations of the cavity mode does not lead to NMS.
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FIG. 3. (Color online)The displacement spectrum ver-
sus the normalized frequency ω/ωm for bare cavity (η =
0, G = 0)(blue thin curve), for cavity with Kerr nonlinearity
(η = 0.01Hz,G = 0) (orange dashed-dotted curve), with gain
nonlinearity (η = 0, G = 8×106Hz) (green dashed curve) and
with both nonliearity(η = 0.01Hz,G = 8×106Hz) (red thick
curve). The parameters are ωm/2pi = 10 MHz,L = 3mm,
m = 12ng, Q = 5× 105 Hz, input laser power P = 9 mW at
λ = 1064 nm, κ = 0.02ωm, and θ = pi/2 .
The presence of the Kerr medium alone dose not change
this situation, while in the presence of the gain medium
solely, mode splitting occurs only when the parametric
gain G is large enough. However, as shown in Fig.(3),
the combination of these two nonlinearities leads to the
appearance of NMS in the displacement spectrum. We
can come to this conclusion from the fact that in the
peresence of the two nonlinearities, there is a competition
between the two quantum processes; the nonlinear gain
medium increases the intracavity photon number and
splits up the pump photons into two degenerate subhar-
monic photons , while the Kerr medium shifts the energy
levels of the cavity proportional to the anharmonicity pa-
rameter η which blocks the entrance of a large number of
photons into the cavity. The combination of the energy
shift resulting from the Kerr medium and increasing the
photon number due to the gain medium leads to the ap-
pearence of NMS. It is notable that the presence of the
gain medium decreases the degree of photon-photon re-
pulsion due to the Kerr nonlinearity, and hence increases
the parameter β1 in Eq.(26)and the radiation pressure
effect on the oscillating mirror. In Fig.(4) and Fig.(5)
we have plotted the displacement spectrum of the mov-
able mirror above the threshold of splitting (g0|as| & κ)
for different values of the gain coefficient G and differ-
ent values of anharmonicity parameter η, respectively.
As expected, the presence of the gain medium inside the
cavity strengthens the coupling between the oscillating
mirror and the cavity mode, while the presence of the
Kerr medium inside the cavity weakens this coupling due
to the photon-photon repulsion and shifts the modes far
from each other.
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FIG. 4. (Color online)The displacement spectrum versus the
normalized frequency ω/ωm for different values of the para-
metric gain: G = 0(green thin curve), G = 105Hz(blue dashed
curve), and G = 107Hz(red thick curve). The parameters are
η = 0.01 Hz, ∆ = ωm, θ = pi/2, ωm/2pi = 10 MHz,L = 1mm,
effective mass m = 10ng, Q = 5 × 105 Hz, P = 30 mW,
λ = 1064 nm, and κ = 0.01ωm.
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FIG. 5. (Color online)The displacement spectrum versus
the normalized frequency ω/ωm for different values of the an-
harmonicity: η = 0.01Hz(red thick curve) η = 0.03Hz(blue
dashed curve), and η = 0.06Hz(green thin curve).The pa-
rameters are G = 106Hz , ∆ = ωm, θ = pi/2, ωm/2pi = 10
MHz,L = 1 mm, m = 10ng, Q = 5 × 105 Hz, P = 30 mW,
λ = 1064nm, and κ = 0.01ωm.
B. Effective frequency and effective damping rate
of the oscillating mirror
The radiation-pressure force can modify the dynam-
ics of the mechanical oscillator and therefore the sus-
ceptibility of the oscillating mirror can be considered as
the susceptibility of an oscillator , with an effective fre-
quency and an effective damping.These quantities con-
tain important information about the quantum behav-
ior of the system. The radiation presure-induced change
in the frequency of the mechanical mode is known as
the optical spring effect [32] , and the radiation presure-
induced change in the damping rate of the mirror shows
how the optical field acts effectively as a viscous fluid that
damps the mirror oscillation and cools its center-of mass
motion[33, 34]. In this section we investigate the effects
of the Kerr and the gain nonlinearities on the effective
frequency ωeff and the effective damping rate γeff of
the oscillating mirror. We can find the mechanical sus-
ceptibility of the mirror according to the dependence of
the δq(ω) on the fluctuations in the total force on the
mirror δFT (ω)[35],
δq(ω) = χ(ω)δFT (ω). (27)
According to Eq.(17), δFT (ω) consists of a radiation pres-
sure and a Brownian motion term. Thus the mechanical
susceptibility of the mirror (χ), its effective resonance
frequency (ωeff ), and its effective damping rate (γeff )
are, respectively, given by
χ−1 = m(ω2eff − ω2) + iωγeff , (28)
ω2eff = ω
2
m −
β1(β2 + κ
2 − ω2)
|β2 + (−κ+ iω)2|2 , (29)
γeff = m(γm +
2β1κ
|β2 + (−κ+ iω)2|2 ). (30)
In Figs.6(a) and 6(b) we have plotted the normalized
effective frequency of the oscillating mirror ωeff/ωm ver-
sus the normalized frequency ω/ωm for ∆ = ωm and for
different values of G [Fig.(6a)] and different values of η
[Fig.(6b)]. As is seen, although the gain medium does
not change the effective frequency of the moving mirror
considerably , the energy shift of the cavity mode due
to the Kerr nonlinearity manifests itself in the response
frequency of the oscillating mirror. This means that the
effective coupling between the cavity and the mechani-
cal modes (and therefore the cooling of the mirror) takes
place when the effective detuning of the cavity ∆
′
(but
not ∆) is chosen near the oscillating mirror frequency.
In Figs.7(a) and 7(b) we have plotted the normalized ef-
fective damping rate of the oscillating mirror γeff/mγm
versus the normalized frequency ω/ωm for ∆ = ωm and
for different values of G [Fig.7(a)] and different values
of η [Fig.7(b)] . As is seen, by increasing the gain pa-
rameter the effective damping rate of the mirror motion
increases while increasing the anharmonicity parameter
not only leads to the frequency shift but also decreases
the effective damping rate.
C. Effects of the Kerr-down conversion
nonlinearity on the effective tempreture of the
mirror
Here we examine the effects of the Kerr and the gain
nonlinearities on the back-action ground-state cooling of
the oscillating mirror. In order to investigate the cooling
of the mirror it is sufficient to consider the mean number
of quanta of the vibrational excitation of the mirror as
defined by[31]
nm =
kBTeff
~ωeff
=
kBT
~ωm
γm
γeff
(
ωm
ωeff
)3, (31)
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FIG. 6. (Color online)The normalized effective frequency
ωeff/ωm versus the ω/ωm (a) for η = 0.01Hz and for different
values of the gain parameter: G = 0 (blue dashed curve), and
G = 106Hz (red solid curve), (b) for G = 106Hz and for dif-
ferent values of anharmonicity parameter: η = 0 (blue dashed
curve), and η = 0.01Hz (red solid curve). The parameters are
ωm/2pi = 10 MHz, L = 2mm, m = 10 ng, Q = 5 × 10
5 Hz,
P = 6.9 mW, κ = 0.01ωm , ∆ = ωm, and θ = pi/2 .
where we expand the effective frequency and effective
damping rate of the oscillating mirror in a Taylor series
around ω = ωm and keep only the leading terms in the
respective expansions
ωeff (ω) ∼ ωeff (ωm) ≡ ωeff ,
γeff (ω) ∼ γeff (ωm) ≡ γeff . (32)
The ground-state cooling is approached if nm < 1. In
Figs.8(a) and 8(b) we have plotted, respectively, nm and
Teff for the initial equilibrium temperature T = 0.4K
versus ∆/ωm and for different values of G and η. It is
evident that as G increases the system cools down to the
ground-state (nm < 1) while as η increases the effective
temperature of the system increases . The heating of the
system in the presence of the Kerr medium is due to the
energy shift of the cavity which weakens the field-mirror
coupling and reduces the number of intracavity photons
because of the photon-photon repulsion mechanism.
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FIG. 7. (Color online)The normalized effective damping
rate of the oscillating mirror γeff/mγm versus the ω/ωm (a)
for η = 0.01Hz and for different values of gain parameter:
G = 0 (blue dashed curve), and G = 106Hz (red solid curve),
(b) for G = 106Hz and for different values of anharmonicity
parameter: η = 0 (blue dashed curve), and η = 0.01Hz (red
solid curve). The parameters are ωm/2pi = 10 MHz, L =
2mm, m = 10 ng, Q = 5× 105 Hz, P = 6.9 mW, κ = 0.01ωm,
∆ = ωm, and θ = pi/2 .
V. EFFECTS OF THE KERR-DOWN
CONVERSION NONLINEARITY ON THE
INTENSITY AND QUADRATURE NOISE
SPECTRA OF THE TRANSMITTED FIELD
The intensity spectrum of the transmitted field is given
by the Fourier transform of the two time correlation func-
tions 〈δa†out(t+ τ)δaout(t)〉:
S(ω) =
∫ ∞
−∞
dτ〈δa†out(t+ τ)δaout(t)〉e−iωτ . (33)
Solving the matrix equation (10) we obtain the solution
for the cavity-field fluctuation operator δa and then using
the input-output relation aout =
√
2κa − ain, we obtain
the fluctuations of the output field to be
δaout(ω) = V1(ω)ξ(ω) + V2(ω)δain(ω) + V3(ω)δa
†
in(ω),
(34)
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FIG. 8. (Color online) Plots of (a) the mean number of
vibrational quanta nm and (b) the effective temperature Teff
for G = 2 × 107Hz,η = 0.05Hz (blue dotted-dashed curve),
G = 2 × 107Hz,η = 0.01Hz (red thick curve) and G = 0, η =
0.01Hz (green thin curve). The parameters are ωm/2pi = 10
MHz, L = 10mm, m = 10 ng, Q = 5× 105 Hz, P = 6.9 mW,
κ = 0.7ωm, and θ = pi/2 .
and δa†out(ω) = [δaout(−ω)]†, where
V1(ω) =
√
2κ
igm
Md(ω)
{as(κ− i∆
′ − iω)− 2Ga∗seiθ},
V2(ω) =
2κ
d(ω)
{ i~g
2
ma
2
s
M
+ (ω2m − ω2 + iωγm)
(iδ1 + Γ)} − 1,
V3(ω) =
2κ
d(ω)
{ i~g
2
m|as|2
M
+ (ω2m − ω2 + iωγm)
(κ+ i(ω +∆1))}, (35)
In Eq.(34) the first term stems from the mechanical os-
cillator thermal noise, while the other two terms are from
the input vacuum noise. Making use of the correlation
peroperties for the noise forces and Eqs.(34) and (35), we
obtain the output field spectrum as
S(ω) = |V3(−ω)|2 +m~γmω[1 + coth( ~ω
2kBT
)]|V1(−ω)|2.
(36)
The quadrature noise spectrum of the transmitted filed
is given by[36]
Sϕ(ω) =
∫ ∞
−∞
dτ〈δxoutϕ (t+ τ)δxoutϕ (τ)〉sse−iωτ
= 〈δxoutϕ (ω)δxoutϕ (ω)〉, (37)
where δxoutϕ (ω) = e
−iϕδaout(ω) + e
iϕδa†out(ω) is the
Fourier trnasform of the output quadrature, with ϕ as its
externally controllable phase angle which is experimen-
tally measurable in a homodyne detection scheme[37].For
the system under consideration quadrature noise spec-
trum is given by
Sϕ(ω) = e
−2iϕCoutaa (ω) + e
2iϕCout∗aa (ω)
+ Couta†a(ω) + C
out
aa†(ω), (38)
where
Coutaa = {m~γmω[1 + coth(
~ω
2kBT
)]V1(ω)V1(−ω))
+ V2(ω)V3(−ω)}, (39)
Coutaa† = {m~γmω[1 + coth(
~ω
2kBT
)]|V1(ω)|2
+ |V2(ω)|2}, (40)
Couta†a = {m~γmω[1 + coth(
~ω
2kBT
)]|V1(−ω)|2
+ |V3(−ω)|2}. (41)
We define the optimum quadrature squeezing Sopt(ω) by
choosing ϕ(ω) in such a way that dSϕ(ω)/dϕ = 0. This
yields
e2iϕopt = − C
out
aa
|Coutaa |
. (42)
Then, substituting back into Eq.(38), we obtain the op-
timized squeezing spectrum as
Sopt(ω) = −2|Coutaa |+ Couta†a(ω) + Coutaa†(ω). (43)
In Figs.9(a) and 9(b) we have plotted, respectively, the
intensity and the optimized squeezing spectra of the
transmitted field for different values of the gain nonlin-
earity versus the normalized response frequency ω/ωm.
As can be seen increasing the gain parameter G causes
the intensity and the degree of squeezing of the transmit-
ted field to increase. The shift in the intensity spectrum
is due to the energy shift of the cavity in the presence of
the Kerr medium. In Figs.10(a) and 10(b) we have plot-
ted, respectively, the intensity and the optimized squeez-
ing spectra of the transmitted field for different values of
the anharmonicity parameter η versus the normalized re-
sponse frequency ω/ωm. It can be seen as η increases the
intensity and the degree of squeezing of the transmitted
field increases.
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FIG. 9. (Color online)(a) The intensity spectrum and (b)the
squeezing spectrum of the transmitted field versus the normal-
ized frequency ω/ωm for G = 1 × 10
7 Hz (red thick curve),
G = 2×107 Hz(blue dashed curve), and G = 3×107 Hz(green
thin curve). The parameters are η = 0.01Hz, ωm/2pi = 10
MHz, L = 10mm, m = 10 ng, Q = 5× 105 Hz, P = 6.9 mW,
κ = 0.7ωm, and θ = pi/2 .
VI. ENTANGLEMENT PEROPERTIES OF THE
SYSTEM
It has been shown previously [38] that within each
optomechanical cavity the photon-phonon entanglement
can be generated by means of radiation pressure . Here
we are interested in the generation of stationary entan-
glement between the movable mirror and the cavity field
in the presence of Kerr-down conversion medium. Since
our system is in a Gaussian state and the linear nature
of Eq.(10) preserves the Gaussian nature of the initial
state of the system, we can use the logarithmic negativ-
ity measure [39] to quantify the entanglement. When the
stability conditions of Eq.(14) are fulfilled, we can solve
Eq.(10) for the 4 × 4 stationary correlation correlation
matrix (CM) V
MV + VMT = −D, (44)
where the elements of the correlation matrix V
are defined as Vij = 〈uiuj + ujui〉/2 and D =
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FIG. 10. (Color online)(a) The intensity spectrum and
(b)the squeezing spectrum of the transmitted field versus the
normalized frequency ω/ωm for η = 0.01 Hz (red thick curve),
η = 0.03 Hz(blue dashed curve), and η = 0.05 Hz(green thin
curve). The parameters are G = 107Hz, ωm/2pi = 10 MHz,
L = 10mm, m = 10 ng, Q = 5 × 105 Hz, P = 6.9 mW,
κ = 0.7ωm, and θ = pi/2 .
Diag[0,m~γmωm(2n¯ + 1), κ, κ] is the diagonal diffusion
matrix in which we used the following apporximation
ω coth(
~ω
2kBT
) ≃ ωm 2kBT
~ωm
≃ ωm(2n¯+ 1), (45)
where n¯ = [e~ωm/kbT − 1]−1. Then the photon-phonon
entanglement can be quantified by the logarithmic nega-
tivity EN as
EN = max[0,−ln2η−], , (46)
where η− ≡ 2−1/2
[
Σ(V )−
√
Σ(V )2 − 4detV
]1/2
, is the
lowest symplectic eigenvalue of the partialtranspose of
the 4× 4 CM, V , with Σ(V ) = detVA+detVB − 2detVC ,
and we used the 2× 2 block form of the CM(
VA VC
V TC VB
)
, (47)
with VA associated to the oscillating mirror, VB to the
cavity mode, and VC describing the optomechanical cor-
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relations. In Fig.(11) we have plotted EN versus the nor-
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FIG. 11. (Color online) The logarithmic negativity EN
versus the normalized detuning ∆/ωm for (η = 0, G = 0)
(green thick curve), (η = 0.01Hz, G = 0)(red dashed-dotted
curve), (η = 0, G = 6 × 106Hz)(blue dashed curve) and
(η = 0.01Hz, G = 6×106Hz)(orange thin curve). The param-
eters are ωm/2pi = 10 MHz, L = 1mm, m = 10 ng Q = 5×10
5
Hz, P = 15 mW, κ = 0.9ωm, and θ = pi/2.
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FIG. 12. (Color online) The logarithmic negativity EN ver-
sus the normalized detuning ∆/ωm for G = 10
3 Hz(green
solid curve), G = 106 Hz(red dashed-dotted curve), and
G = 107Hz(blue dashed curve) . The parameters are η = 0.01
Hz, ωm/2pi = 10 MHz, L = 1mm, m = 10 ng, Q = 5 × 10
5
Hz, P = 15 mW, κ = 0.9ωm, and θ = pi/2.
malized detuning ∆/ωm for a bare cavity, a cavity that
contains only the Kerr medium, a cavity that contains
only the gain medium and a cavity that contains both
the Kerr and gain medium. We see that, as expected,
while the Kerr medium reduces the degree of phonon-
photon entanglement, the gain medium increases it con-
siderably. This result arises from the fact that the radia-
tion pressure, which is responsible for the phonon-photon
entanglement, increases considerably in the presence of
the gain nonlinearity while decreases in the presence of
the Kerr nonlinearity. Therefore similarly to what hap-
pens for the mirror cooling process there is a competition
between the gain and Kerr nonlinearities for increasing
and decreasing quantum effects, respectively. In Fig.12
we have plotted EN versus the normalized detuning for
different values of the gain nonlinearity. It can be seen
that as G increases the degree of entanglement increases.
It should be noted that we cannot increase G arbitrarily
because of the stability condition of the system.
VII. SUMMARY AND CONCLUSIONS
In this paper we considered the canonical optomechan-
ical cavity composed of a partiallly transmitting mirror
and one perfectly reflecting movable mirror containing
a Kerr-down conversion nonlinear medium. For this sys-
tem we investigated the influence of the two nonlinearities
on the dynamics of the oscillating mirror, the intensity
and squeezing spectra of the transmitted field and the
steady-state mirror-field entanglement. For the dynam-
ics of the oscillating mirror we have found that in the
peresence of the two nonlinearities, there is a competi-
tion between the two quantum processes; the splitting of
the pump photons in two degenerate subharmonic pho-
tons as well as increasing the intracavity photon number
due to the nonlinear gain medium, and shifting the en-
ergy level of the cavity proportional to the anharmonicity
parameter η which blocks the entrance of a large num-
ber of photons into the cavity. This competition can
lead to enhancement of the radiation pressure contribu-
tion to the normal modes of the cavity and NMS be-
low the threshold g0as . κ. Also, it was demonstrated
that in the presence of the Kerr-down conversion nonlin-
earity the ground-state cooling of the mechanical mirror
is possible. Although with increasing the anharmonic-
ity parameter η the vibrational excitation and effective
temperature of the mirror increases, the enhancement of
the gain medium can compensate the increasing of the
phonon number to some extent. In the investigation
of the intensity spectrum and quadrature squeezing of
the transmitted field, it was shown that the range of re-
sponse frequency of the field undergoes a shift because
of anharmonicity parameter η but in this range of the
frequency both the Kerr and gain media increase the de-
gree of squeezing. Finally, we investigated the influence
of the Kerr-down conversion on the degree of station-
ary entanglement between the cavity and the mechanical
modes. It was shown that the Kerr nonlinearity reduces
the degree of entanglement considerably, while the gain
medium increases it.
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